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A B S T R A C T   

We introduce introduces an open-source program for calculating the properties of solid solutions, “Python 
Package for Property Prediction of Pseudobinary systems using Grand canonical ensemble” (P5Grand). 
P5Grand uses two main strategies to improve calculation efficiency: random configuration sampling and 
separate calculations of the strain energy induced by local compositional fluctuations within the grand canonical 
ensemble. P5Grand can efficiently calculate thermodynamic properties and any properties of interest for arbi-
trary solid solution as a function of temperature and composition using two input files. The efficiency of P5Grand 
is demonstrated by the bandgap prediction of (In,Ga)As.   

1. Introduction 

Solid solutions, such as AxB1− x or (AxB1− x)C, provide versatile con-
trol of material properties. For example, the III-V pseudobinary solid 
solution of (In,Ga)As has been studied to obtain optimal properties for 
its use as a semiconductor channel or an optoelectronic material [1,2]. 
Recently, various III-V pseudobinary semiconductors, cation solid so-
lutions, such as (In,Ga)N and (Al,Ga)P, and anion solid solutions, such as 
Ga(As,Sb) and In(As,P), have been used to modulate lattice constants 
and bandgaps (Eg) [2–4]. The ability to predict composition-dependent 
properties through simulation is crucial for efficient material design 
because of the wide range of combinatorial compositions. However, the 
nonperiodicity and broken symmetry of solid solutions make it chal-
lenging to calculate the property of interest (PoI) using density func-
tional theory (DFT). The special quasi-random structure [5] and deep 
neural network potential [6–8] have been used to obtain the PoIs of solid 
solutions. 

Recently, the authors reported two theoretical studies on the pre-
diction of the phase diagram [9] and bandgap [4] of III–V pseudobinary 
materials based on ab initio thermodynamics using the following steps: 
(i) DFT calculation of the energetics and bandgap of individual 

configurations (σ), (ii) extraction of the effective cluster interaction 
(ECI) coefficients using the cluster expansion (CE) method, and (iii) 
prediction of the ensemble-averaged thermodynamic properties and 
bandgap using the grand canonical ensemble (µVT). The grand canoni-
cal approach considers local compositional fluctuations, making it 
appropriate for studying solid solution properties. The local fluctuation 
of a composition in the grand canonical ensemble induces strain, which 
is referred to as a local strain. It has been mathematically demonstrated 
that it is necessary to consider this local strain energy for phase sepa-
ration to occur [9]. In addition, the local strain energy of (In,Ga)As has 
been confirmed to be well fitted to a single Birch–Murnaghan equation 
of state (B–M EOS) regardless of the configuration [9]. This means that it 
is not necessary to calculate the strain energy of individual configura-
tions. Instead, the local strain energy can be calculated separately and 
then added to the energies of freely relaxed configurations, significantly 
reducing computation costs. 

This paper describes an open-source package, the Python Package for 
Property Prediction of Pseudobinary systems using Grand canonical 
ensemble (P5Grand), which implements the abovementioned method-
ology and facilitates the efficient prediction of properties for various 
pseudobinary systems. It predicts thermodynamic properties (such as 
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free energy and phase diagram) and the ensemble average values of PoIs 
(such as bandgap and dielectric constant), starting from the atomistic 
property-configuration relations. For example, the bandgap prediction 
of InxGa1− xAs was used to demonstrate the applicability of P5Grand in 
this study. P5Grand predicts the average bandgap for a particular 
composition (x) and temperature (T) within the grand canonical 
ensemble based on the bandgap and energy of numerous configurations 
calculated using a combination of the DFT and CE methods. Although 
the use of P5Grand reduces the total computation cost, the calculated 
average bandgap of InxGa1− xAs is comparable to the experimental 
bandgap. The modular approach of P5Grand makes it easy to execute 
and suitable for extending its applicability beyond bandgaps and energy; 
P5Grand allows users to predict arbitrary PoIs as a function of x and T, 
using user inputs. 

2. Description of P5Grand 

P5Grand is an open-source code that automatically calculates the 
thermodynamic properties and ensemble average values of PoIs for 
pseudobinary systems. The code and manual of P5Grand are available 
to all users at URL website https://p5grand.readthedocs.io/en/latest/. 
P5Grand features three calculation modes: free energy mode, phase 
diagram mode, and PoI mode. As schematically shown in the workflow 
in Fig. 1 and the architecture in Fig. A1, the overall P5Grand package 
consists of four modules and one script: the “read,” “grand_-
canonical_ensemble,” “local_strain,” and “analysis” modules and the 
“tool” script. The role of each module in the workflow is as follows: (i) 
the read module reads input files and selects one of the three calculation 
modes based on user commands; (ii) the grand_canonical_ensemble and 
local_strain modules calculate the grand canonical partition function 
and the local strain energy, respectively, which are required for subse-
quent calculations regardless of the calculation mode; and (iii) the 
analysis module performs property calculations based on the calculation 
mode, prints the properties (free energy and average PoI) as a function 
of composition, and plots a graph for the phase diagram depicting the 
binodal and spinodal points for the designated temperatures (see output 
examples in Fig. A2). The tool script is not essential, but it is useful in the 
P5Grand workflow because it generates an input file containing strain 
energy parameters in the required format. The tool script is described in 
detail below. 

P5Grand requires two input files that can be generated using either 
DFT-based calculations or empirical-based data. The first file is called 

“input file I,” which contains a list of configuration properties, of which 
the format is determined by the calculation modes. It consists of two 
columns and many rows for the free energy and phase diagram modes 
(see Fig. A3(a)), where the first and second columns present the 
composition (x) and energy (Eσ) of a certain configuration (σ), while 
each row corresponds to each configuration. However, input file I for the 
PoI mode (see Fig. A3(b)) consists of three columns and many rows, with 
each column presenting the x, Eσ , and PoI of a certain configuration, 
such as a bandgap (Eg,σ). 

P5Grand uses a fitting equation to treat the strain energy in order to 
reduce the total computational cost. The other input file, “input file II,” 
contains the fitting parameters for the strain energy. The current version 
of P5Grand provides a set of fitting parameters only for the B–M EOS 
[10] as a default setting: 
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where B0 and B’
0 are the bulk modulus and its derivative, and V0 and V 

are the freely relaxed volume and the volume under isotropic strain, 
respectively. This is based on the authors’ previous work in which the 
strain energy of (In,Ga)As was well fitted to a single B–M EOS regardless 
of the composition and configuration [9], and V0 of (In,Ga)As was 
simply obtained using the lattice constant and Vegard’s rule [9,11–13]. 
It should be noted that the composition- and configuration-independent 
strain energy curve was also confirmed in another III-V pseudobinary 
system, Ga(As,Sb) [9]. However, before executing P5Grand, it is 
necessary to confirm that the strain energy of the pseudobinary system 
under investigation satisfies the default setting. The tool script extracts 
the fitting parameters of the local strain from the OUTCAR file of the 
Vienna Ab-initio Simulation Package (VASP) [14,15] and automatically 
writes them in input file II in the format shown in Fig. A3 (c). The B–M 
EOS is also the default equation in the tool script. The fitting equations in 
the local_strain module and the tool script can be manually modified by 
user, and they will be updated to account for composition-dependent 
cases. 

P5Grand calculates the average PoI (Y) at non-zero temperature 
using the following equation: 

Y =
∑

σ
YσPσ (2)  

where Pσ is the probability that each configuration (σ) will occur in a 

Fig. 1. Schematic overview on the workflow of P5Grand.  
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pseudobinary system, AxB1− xC, and Yσ is the PoI of σ. Pσ is calculated 
using the following equations: 

Pσ =
exp
(

nσ Δμ− ΔEtotal
σ

kBT

)

Z(x,T)
(3)  

Z(x, T) =
∑

σ
exp
(

nσΔμ − ΔEtotal
σ

kBT

)

(4)  

ΔEtotal
σ = ΔEσ +Estrain (5)  

ΔEσ = Eσ − [xσEAC +(1 − xσ)EBC ] (6)  

where Z(x,T) represents the grand partition function, kB is the Boltz-
mann constant, T is the absolute temperature, and nσ is the number of 
atom A in a configuration σ. When the sum of the number of atoms A and 
B is defined as N, the number of atom B in σ is N − nσ , and the compo-
sition of σ (xσ) is equal to nσ/N; ΔEtotal

σ , which is defined as Eq. (5), 
represents the total mixing energy. The first term of Eq. (5) (i.e., ΔEσ) is 
the mixing energy for the pseudobinary system AxB1− xC, as shown in Eq. 
(6), where Eσ , EAC, and EBC are the freely relaxed energies of σ, AC, and 
BC, respectively. The second term of Eq. (5) (i.e., Estrain) is the local strain 
energy, which is induced by the local compositional fluctuation allowed 
in the grand canonical ensemble. The Δμ = μ(A) − μ(B) in Eq. (4) rep-
resents the difference in chemical potential between atoms A and B. 
Sometimes, it was calculated based on experimental conditions [16]. In 
this study, however, Δμ is determined for a given composition (x) using 
the bisection method to satisfy the self-consistency of Eq. (7) without 
experimental data. 

x =
1
N

∑

σ
nσPσ =

1
N

∑
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nσ Δμ− ΔEtotal
σ

kBT

)
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(7) 

When Yσ corresponds to ΔEtotal
σ , the configurational entropy and free 

energy are calculated as Eqs. (8) and (9). 

S(x) = − kB

∑

σ
Pσ ln(Pσ) (8)  

ΔF = ΔEtotal − TΔS = NxΔμ − kBTlnZ(x, T) (9) 

It is worth noting that P5Grand only considers configurational 
entropy. 

Eq. (4) generally assumes that all possible configurations are calcu-
lated. However, in practice, it is impossible to calculate the energies of 
all possible configurations. Thus, P5Grand calculates the properties of a 
subset of configurations that are randomly sampled in each composition. 
When the properties of K’

n/N configurations are specified among K 
possible configurations in the local composition n/N, the grand partition 
function is calculated as follows: 

Z(x, T) =
∑N

n=0

[

exp

(
nΔμ − Estrain

σ(nσ=n)

kBT

)
∑

σ(nσ=n)

exp
(
− ΔEσ

kBT

)
Kn/N

K’
n/N

]

(10)  

where Estrain
σ(nσ=n) is the strain energy of the configuration with nσ equal to n. 

The K’
n/N in the denominator in Eq. (10) implies that at least one 

configuration must be calculated at each possible n/N. The number of all 
possible configurations at n/N (Kn/N) is calculated as Eq. (11). 

Kn/N = NCn =
N!

n!(N − n)!
(11) 

Details of the above equations are fully described in the authors’ 
previous report [9]. When a phase transition is anticipated or atoms 
move away from their symmetric positions at high temperatures, the 
free energy and PoI can be calculated at each structure and compared. 
One of the alternative could be using machine learning potentials [6–8]. 

3. Application example of P5Grand and discussion 

The average bandgaps Eg of InxGa1− xAs in a zinc-blende structure are 
calculated as a function of x for various T to demonstrate the property 
prediction of pseudobinary systems using P5Grand. Before the P5Grand 
package is presented in this study, it should be noted that the method-
ology implemented in P5Grand accurately predicted the phase diagram 
of InxGa1− xAs [9]. 

The Eg,σ , Eσ , and Estrain are required to predict Eg using the PoI mode 
of P5Grand and they can be accurately obtained by DFT calculations. 
However, it is difficult to apply DFT to many configurations because of 
its high computational cost. Therefore, Eg,σ and Eσ were calculated using 
a combination of DFT and CE methods. All DFT calculations were per-
formed using the VASP [14,15]. The electron-core interaction was 
treated using Blöchl’s projector augmented wave (PAW) approach 
[17,18]. The 4 × 4 × 4 k-points were sampled based on Γ-centered grid 
scheme for zinc-blende conventional unit cell. The cutoff energy was set 
at 500 eV. The experimental bandgaps were reproduced using the 
Heyd–Scuseria–Ernzerhof (HSE06) hybrid functional and a Har-
tree–Fock mixing parameter (α) of 0.25 [19]. In this study, Eg was 
calculated as 0.35 eV and 1.29 eV for InAs and GaAs, respectively, while 
the experimental Eg was reported as 0.36 eV and 1.43 eV for InAs and 
GaAs, respectively [12]. 

First, DFT calculations were performed to obtain Eσ and Eg,σ for 30 
configurations of InxGa1− xAs with a zinc-blende structured 2 × 2 × 2 
supercell. The ECI coefficients were extracted from these Eg,σ and Eσ 
values using the CE method. The ECI coefficient represents the contri-
bution of the interaction between a group of k atoms (called a k-site 
cluster) to a PoI. In this study, the CE method was performed using the 
Lattice Configuration Simulation (LACOS) package with the following 
expressions [20]: 

Eg,σ =
∑

k

∑

m
JEg

k,m

∏

{i̇}∈(k,m)

θ(σi̇) (12)  

Eσ = N
∑

k

∑

m
JE

k,m

∏

{i̇}∈(k,m)

θ(σi̇) (13)  

where N is the number of cation sites (32 in the 2 × 2 × 2 supercell), JEg
k,m 

and JE
k,m are the ECI coefficients for the bandgap and energy, {i} is the 

symmetrically identical set of sites that make up the mth k-site cluster (k, 
m), and θ(σi) is a function that returns − 1 for In atoms and 1 for Ga 
atoms according to the element occupying site i, σi. The orthogonal 
matching pursuit method implemented in the LACOS package was used 
to calculate the ECI coefficient. Fig. 2 (a) and (b) show the JEg

k,m and JE
k,m 

obtained from the DFT results, and Fig. 2(c) shows the corresponding 
clusters. The low cross-validation (CV) scores for both Eg (12 meV) and 
ΔE (1.7 meV/atom) indicate that JEg

k,m and JΔE
k,m are well optimized. 

The properties of 10,000 configurations for every composition at an 
interval of 0.03125 (=1/32) in the 2 × 2 × 2 supercell were evaluated 
using the ECI coefficients obtained in Fig. 2(a) and (b), totaling 330,000 
configurations (10,000 configurations for each composition). The results 
are plotted in Fig. 3. The x and y coordinates of each data point denote 
ΔEσ/2N and Eg,σ for each configuration, where N is 32 in this case. Since 
N is the number of cation sites in the 2 × 2 × 2 supercell of a zinc-blende 
structure, ΔEσ/2N is the energy per atom. Furthermore, the color of each 
dot indicates the composition, which ranges from red for GaAs to violet 
for InAs. Even in a fixed composition with the same colors, ΔEσ/2N and 
Eg,σ vary depending on the configuration. For a given composition, a 
configuration with a lower ΔEσ tends to have a higher Eg,σ , which be-
comes increasingly apparent as the composition becomes closer to GaAs. 
This tendency is because the magnitude of the ECIs in the two-site 
clusters is larger than that in the many-body clusters, and the signs of 
JEg

k,m and JE
k,m are opposite for all two-site clusters in Fig. 2(a) and (b). 
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However, the relationship between ΔEσ and Eg,σ is much weaker than 
that observed in the anionic pseudobinary system GaAsxSb1− x in the 
authors’ previous work [4]. The weak relationship is implied by JEg

2,m 

having smaller absolute values in InxGa1− xAs than in GaAsxSb1− x. The 
composition (xσ), energy (Eσ), and bandgaps (Eg,σ) of the 330,000 con-
figurations were included in the first, second, and third columns of input 
file I. 

On the other hand, the strain energy (Estrain) was calculated using 
DFT for a few representative compositions (xσ) = 0, 0.25, 0.5, 0.75, and 

1 in the zinc-blende unit cell, as shown in Fig. 4. The left y-axis repre-
sents the local strain energy per microstate, whereas the right y-axis 
represents the local strain energy per 2 N. The strain energy parameters 
were written in input file II and were well fitted to a single B–M EOS 
regardless of composition. The B0 values were calculated as 57.3 GPa for 
InAs and 71.3 GPa for GaAs, which are in good agreement with the 
experimental values, 60.0 GPa for InAs and 74.8 GPa for GaAs [21]. 

The average bandgap (Eg) at 300, 600, and 900 K and the infinite 
temperature were calculated as a function of the average composition x 
of InxGa1− xAs using the specified input file I and input file II, as indicated 
by colored solid lines in Fig. 5 (a), in comparison to the conventionally 

Fig. 2. Calculated ECIs and corresponding clusters. ECIs of (a) bandgap, (b) mixing energy of InxGa1-xAs, and (c) corresponding clusters. The set of numbers (k,m) 
denotes m-th k-site cluster. 

Fig. 3. Configuration-dependent bandgap and energy. Each colored data point 
represents the bandgap and mixing energy of the individual configuration. The 
color of each point denotes the composition x and 2 N is the total number of 
atoms in a 2 × 2 × 2 supercell. 

Fig. 4. Strain energy as a function of the relative volume V/V0. The symbols 
denote the unit cell of InxGa1-xAs with various relative volumes, and the black 
curve is fitted to the Birch-Murnaghan equation of state. 
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fitted bandgap, which is indicated by the dashed line [12]. On the other 
hand, each short horizontal gray bar indicates the bandgap of each 
configuration, Eg,σ , which was calculated using the CE method and is 
identical to the value in Fig. 3. The calculated Eg values of the InAs-rich 
composition agree well with the experimental bandgap, but the 
discrepancy between the calculated and experimental values becomes 
larger as the composition becomes closer to GaAs, and finally, the 
calculated bandgap of GaAs is lower than the experimental counterpart 
by 0.14 eV. Although HSE06 is known to be better for calculating 
semiconductor bandgaps than conventional pseudopotentials, HSE06 
has also been reported to underestimate GaAs bandgaps [22–24]. The 
calculated bandgap in Fig. 5(a) was rigidly shifted, as in previous re-
ports, to improve the matching of the predicted bandgaps to the 
experimental values [25–28]. The amount of shifts was calculated by 
linearly interpolating the difference between the theoretical and 
experimental bandgaps of InAs and GaAs. The corrected calculated Eg in 
Fig. 5(b) agrees well with experimental data points denoted by colored 
symbols [11,29–31]. According to Eq. (3), a configuration with lower 
energy has higher Pσ . In combination with the inverse relationship be-
tween Eg,σ and ΔEσ presented in Fig. 3, a configuration with low energy 
and high Pσ has high Eg,σ , resulting in relatively high Eg. However, the 
difference in Pσ between configurations with different energies de-
creases as the temperature increases. Owing to this fact, Eg tends to 
decrease as the temperature increases. The temperature dependency of 
the bandgaps caused by the configuration variation in this study did not 
take into account the lattice thermal expansion and electron–phonon 
interactions reported in some studies [32,33]. Fortunately, the fairly 
good agreement between the theoretical and experimental bandgaps in 
Fig. 5(b) implies the small electron–phonon coupling [34]. The calcu-
lation results reveal that P5Grand can successfully predict the ensemble- 
averaged bandgap of InxGa1− xAs. Thus, P5Grand can be used to predict 
the arbitrary properties of pseudobinary systems by simply substituting 
the right input files for other PoIs. 

4. Conclusion 

This study introduces P5Grand, which can predict thermodynamic 
properties (such as average energy, free energy, and phase diagram) and 
ensemble-averaged properties (such as bandgap and dielectric constant) 
while considering local compositional fluctuations that stochastically 
occur in pseudobinary systems. Its execution requires two input files: 
one file containing a set of compositions, energies, and PoIs as well as 
another file containing fitting parameters for strain energy. In this study, 
the temperature-dependent average bandgap of InxGa1− xAs was inves-
tigated as an application example of P5Grand. The Eg and ΔE vary 
depending on the configuration and the composition, and a 

configuration with a higher bandgap tends to have lower mixing energy 
and vice versa. This inverse relationship between Eg,σ and ΔEσ of (In,Ga) 
As can be inferred from the opposite signs in the ECIs of Eg and ΔE. The 
Eg decreases as the temperature increases because of the inverse rela-
tionship between Eg and ΔE. P5Grand can be used to calculate various 
properties and phase diagrams of diverse pseudobinary systems, thereby 
assisting the community in designing solid solutions through 
computations. 
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Appendix A. Supplementary material 

Supplementary data to this article can be found online at https://doi. 
org/10.1016/j.cplett.2022.139887. 

Fig. 5. (a) Calculated bandgap and (b) corrected bandgap of InxGa1-xAs as a function of composition x. The solid line denotes the calculated average bandgap at 
various temperatures, and the dashed line denotes the conventional experimental bandgap. Each short horizontal gray bar symbols in (a) represent the bandgap of 
each configuration calculated using CE method. The colored symbols in (b) indicate the experimentally observed bandgap values. 
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[17] P.E. Blöchl, Projector augmented-wave method, Phys. Rev. B. 50 (24) (1994) 
17953–17979, https://doi.org/10.1103/PhysRevB.50.17953. 

[18] G. Kresse, D. Joubert, From ultrasoft pseudopotentials to the projector augmented- 
wave method, Phys. Rev. B. 59 (3) (1999) 1758–1775, https://doi.org/10.1103/ 
PhysRevB.59.1758. 

[19] J. Heyd, G.E. Scuseria, M. Ernzerhof, Hybrid functionals based on a screened 
Coulomb potential, J. Chem. Phys. 118 (18) (2003) 8207–8215, https://doi.org/ 
10.1063/1.1564060. 

[20] M. Chandran, Multiscale ab initio simulation of Ni-based alloys: Real-space 
distribution of atoms in γ + γ′ phase, Comput. Mater. Sci. 108 (2015) 192–204, 
https://doi.org/10.1016/j.commatsci.2015.06.029. 

[21] S.B. Zhang, M.L. Cohen, High-pressure phases of III-V zinc-blende semiconductors, 
Phys. Rev. B. 35 (14) (1987) 7604–7610, https://doi.org/10.1103/ 
PhysRevB.35.7604. 

[22] M.A.L. Marques, J. Vidal, M.J.T. Oliveira, L. Reining, S. Botti, Density-based 
mixing parameter for hybrid functionals, Phys. Rev. B. 83 (2011) 35119, https:// 
doi.org/10.1103/PhysRevB.83.035119. 

[23] R.R. Pela, M. Marques, L.K. Teles, Comparing LDA-1/2, HSE03, HSE06 and G0W0 
approaches for band gap calculations of alloys, J. Phys. Condens. Matter. 27 (50) 
(2015) 505502, https://doi.org/10.1088/0953-8984/27/50/505502. 
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